Let ff m ; m 2 Ng be a sequence of functions from 0; 1) to a Banach space E. We give a new and essential condition on f m , which is weaker than the usual \local Lipschitz continuity" condition, ensuring that the convergence of f m is equivalent to the convergence of their Laplace transforms. This enables us to establish new approximation theorems for r-times integrated semigroups on E, for all r 0. As a consequence, an open problem for the convergence of integrated semigroups on the whole space E, is solved in essence. Moreover, we present an application to nonhomogeneous Cauchy problems.
INTRODUCTION
One of the fundamental theorem in the theory of operator semigroups and abstract Cauchy problems is the Trotter-Kato theorem, which tells us that for a sequence of C 0 semigroups fS m ( ); m 2 Ng on a Banach space E satisfying the stability condition kS m (t)k Me !t ; m 2 N; t 0;
(1:1) (M, ! are constants), it converges (pointwise on E and uniformly on bounded intervals of t 0) if and only if the sequence of resolvents R( ; A m ) converges (pointwise on E and for > !), where A m is the generator of S m (t). Since the Trotter-Kato theorem came out in the late fties, we have seen many interesting variants (cf., e.g., 8, 11, 13, 14, 17, 19] ). Several years ago, a Laplace transform version of the Trotter-Kato theorem (LTV Trotter-Kato theorem in short) appeared in 3, 9, 15] . It says that the convergence of a sequence of functions f m : 0; 1) ! E is equivalent to the convergence of their Laplace The LTV Trotter-Kato theorem was used in 15] to obtain the extensions of the TrotterKato theorem to r-times integrated semigroups for r 2 N. Such extensions were also given in 4, 16] with proofs of operator theoretical nature. However, there exists a weakpoint among these theorems (by the reason that the generators of integrated semigroups, unlike C 0 semigroups, may fail to possess dense domains). That is, the convergence of integrated semigroups S m ( ) on the whole space E (pointwise) is obtained only under the additional condition that S m ( ) are locally Lipschitz continuous (with constants independent of m) besides (1.1) and the convergence of the resolvents. \Without this condition,
it is an open problem, which seems to be di cult to solve" ( 16, p. 314] ).
The present paper aims at the open problem. First in Section 2, we consider a similar problem in a more general setting based on Laplace transforms. One advantage of the consideration is that a theorem for Laplace transforms produces results for many types of operator families and linear evolution equations in the same time. We develop completely the LTV Trotter-Kato theorem mentioned above, for a sequence of Banach space valued functions ff m ; m 2 Ng ful lling (1.3), by replacing (1.2) with the much weaker one that ff m ; m 2 Ng is equicontinuous at each point t 2 0; 1) and showing that the equicontinuity is necessary for ff m ; m 2 Ng to converge uniformly on bounded t-intervals. Moreover, we give an example to illustrate that without the equicontinuity, the convergence of f m (t) can not be guaranteed even for a single t and even in the scalar case. A typical example for the equicontinuity is the local H older continuity (with the related constants independent of m), which is weaker than the local Lipschitz continuity. In the proof of our theorem, we use the idea of reducing the approximation to a stationary problem, which originates from 12] and has been propagated by Goldstein (see 6, 7] ). It was also used in 15] to obtain the previous LTV Trotter- Kato 
So, (2.7) implies that f(t 0 ) 2 E 0 , since E 0 is closed. This nishes the proof. (ii) ) (i). Fix t 2 0; 1). Thus we obtain the existence of lim m!1 F m ( ) for > !, by (2.1) and the dominated convergence theorem. The proof is then complete.
The following example shows that without the equicontinuity of f m in Theorem 2.2 (i), the existence of lim m!1 F m ( ) alone does not imply the convergence of f m (t), even for a single t and even in the scalar case. Proof. From the hypothesis we know that ff m ; m 2 Ng is equicontinuous at each point t 2 0; 1). Accordingly, the equivalence of (i), (iii) and (iv) follows from Theorem 2.2. Ng is equicontinuous at each point t 2 0; 1).
(ii) For all u 2 E, lim m!1 S m (t)u = S(t)u uniformly on compacts of t 0.
Proof. Apply Theorem 2. (ii) lim m!1 S m (t)u = S(t)u for all u 2 E and uniformly on compacts of t 0. This justi es the required conclusion. 
